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EDUCATION, ARTICLES, CONFERENCES

1991-1995: Sumy state university, faculty — automation of manufacture, specialty —
industrial electronics.

2004-2007: V.M. Glushkov Institute of Cybernetics

2010 Thesis “The fast proceeding algorithms of multi-digit arithmetic”.

Languages: APL, Assembler, FORTRAN, Pascal, Perl, C, FoxPro, Clipper
Assembler, C — fast execution

FoxPro, Clipper — database calls

Perl — text files (like HTML)

APL, FORTRAN, MathCad — describing mathematical models

APL (CUDA C, OpencCl library) — describing parallel models

Articles:

Control systems and machines: 2006 Ne 3, 4

Computer mathematic: 2006 Ne 3, 4; 2008 Ne 1; 2010 Ne 1
Artificial intellect: 2006 Ne 3: 2009 Ne 1: 2010; 2011:; 2012 Ne 3
Problems of control and informatics: 2010 Ne 2

Conferences (with appearing):

Young scientists: 2005 (Kiev, KPI)

Artificial intellect (international): 2006, 2008, 2010, 2012 (Crymya, Kaciveli)
Optimization of calculations: 2007, 2009, 2011 (Crymya, Kaciveli)



DEFINITIONS, TERMS

Optimization — method that gives possibility to reduce complexity (the
number of operations executed by one processor) in such way that original
algorithm executed faster on a computer. Parallel model of computation is taken
Into account as well.

Multi-digit number is value that is allocated in more than one byte (16, 32,
64,128-bit word). Operands of single and double precision operations are
considered as one-digit number. High precision numbers like:

1,234567890123456789012345678901234567890123456789...E324...

IS part of multi-digit numbers.

Arithmetic — multi-digit operations: multiplication, addition, subtraction,
convolution, correlation, etc. Main focus is on convolution. There will be giving
some theory to describe convolution operation as simple as possible.

Algorithm... The optimization was needed from the moment when the first
algorithm was built.



SCOPE OF USING MULTI-DIGIT OPERATIONS (ARITHMETIC)

1. Two-key cryptography:
e Encryption/decryption;
e Generation EDS;
e Verifying EDS;
e Authentication:
e Cryptographic protocols.

2. High precision computations:
e Analysis of error of rounding.

3. Modeling of processes:

e Physical, chemical (biochemical), aerodynamics, hydrodynamics,
astronomic computations.



APL ADVANTAGES

APL is cool

Code is very close to mathematical formulas

Reduces time to transform mathematical models to code and vice versa
Shows complicated models in simple way

Analysis complicated algorithms

Describing parallel algorithms

Pen and paper are not needed due to nature of APL



SCALABLE DATA-PARALLEL COMPUTING USING GPUs

Driven by the insatiable market demand for real-time, high-definition graphics, the
programmable graphics processing unit (GPU) has evolved into a highly parallel,
multithreaded, many-core processor with tremendous computational horsepower
and very high memory bandwidth.
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GPU is especially well-suited to address problems that can be expressed as
data-parallel computations to speed up processing large data sets (SIMD - Single
Instruction, Multiple Data). The effort in general-purpose computing on the GPU
(GPGPU) has positioned the GPU as a compelling alternative to traditional
microprocessors in high-performance computer systems of the future.
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Amdahl’s law specifies the maximum speed-up 5=( where P is the

1-P)+P/N
fraction of the total serial execution time taken by the portion of code that can be

parallelized and N is the number of processors over which the parallel portion of
the code runs.



Formula 80/20
Multi-digit multiplication based on FFT (Fast Fourier Transform)

Language | Time for mathematical model Time for development

Assembler 20% 80%

Pascal 20% 80%

APL 80% 20%

Turbo assembler v.2.71

) [il, O
Ecasel
Furie.asm fla  diihuee por ; Uinciz)
. s:thyte ptr ; Ureli
There are more than 1000 lines f1d  ds:thyte ptr  Uin[il]
i whn e
s:thuyte ptr 3 Uimli
(28 pageS) fld ds:thyte ptr ; Urelill
fadd st, st{4d
ESEE ds:thyEg)ptr 5 Yire®*[ill=Yire*[ill+¥ire*[i2]
a a2t,. st
Turbo Pascal v.7.1 fstp  ds:thyte ptr ; ¥1in*[i11-Y1in*[i11+¥1in"[i2]
fzuhb st, st{2d . . .
m_neW2|9_paS fstp  dsithyte ptr ; Yire®[i21=Yire”[il]-¥ire*[i2]
. fstp ds:thyte ptr ; ¥1im*[i21=Y1in*[i11-¥Y1in"[i2]
There are more than 500 lines jnp.  Gcasesnd
Fcasel:
(]'Zl F)Eigaeass) cmp i, 1

Jjne EEaseE
fld ds:-tbhyte ptr [bpl ; Uimli2]
fld ds:thyte ptr [bx]l ;: UreliZl

Dyalog APL/W v.10.1.1 Lol v o U ih i JUEE (08

ptr [=il

. £1d ds:thyte ptr [dil] ; Uim[ill
FFTMainF2 de:thyte ptr [cil : Ure[ill
1 zt, =t{G>
There are more than 250 |IneS dg:thzgg)ptr [£i] ; Yire*[il1=Y1re*[ill+¥1im*[i2]
=t, st
(7 pages) ds:thyte ptr [dil ; Y1im"[ill=Y1im"[ill-Y¥Y1ire~[i2]

st. st(3>
ds:=thyte ptr [hx] ; Yire*[i21=Yire*[ill-¥1im*[i2]




There are screenshots of the same computations in Pascal and APL.:

AceFFTTransformF2 arg:CusBuiki=srjidinsprksslesZiry il i2r il
o Cw Bw Mearg
Selsgrt 21+2 ¢ jel @ def:? ¢ nelog? M

For p tIn O,vn-1

For k :In 0,14-1 nl==n2;
slekox(Zxd) ¢ sZezl+d for Imf:=0 to mf-1 do
:For r o:In 0,d-1 hegin .
11 i7e0=1 =27+r for i:=0 teo il-1 do .
“edc complBet 17 hegln_}gn:=2*1*n1; ipk:=ipn+nl;
sSelect I hgggna-—ﬂ to nl-1 do
tase i1:=Cipn+gd®2; i2:=Cipk+jd*2;
e A Hxl J427 . a4
. ytre:=llre”[i2]:;ytim:=Hre"[i2+11;
“Lase 1 , casze i of
Aed complMolCo, =12 A Ex(-10 O:begin fs:=ytre; fsl:= ytim; end;
lase 2 . . 1:hegin fs:=ytim; fsl:=—vytre; end;
Aed complMolls, =520 i oRxCl-il=sgrt 2 s/-pled 2:hegin fz = (ytre+ytim)=81;
:Case fzl:= {ytim—ytred=51; end;
Hed complMul(C-52,-50 A HWx-(l+ilxsqrt 2 ~/-3xpi+d 3:hegin f=z = (ytim—ytrer=51;
(Else fzl:=—{ytim+ytred=51; end;
HeCu GetH K A rade-CBULk+110=PT+N elze hegin
e complMul W # cosuecos rad ¢ sinuesin rad if i mod 2 = 0 then hegin cqsu:=cre[i];sinu:=—cre[i+%]
:EndSelect A Heloosu,sinud o Heklxl fs :oytrexco u+§%§ren*]3igin sinvi=creli-11; cosv:i=crelil
5 == 2 23 = ]
Hoe¥o 12 i1 complSetGetSub ¥ . fsl:=ytim*cosv—ytre*sinv; end;
P end;
pogpocin L compLEStaEtRAdd £ Upe [i21:=Wre”[ill-fs; Wre~[i2+11:=Ure [i1+11-£s1;
. : Wre*[ill:=Wre*[il1+Fs; Wre*[il+11:=UWre*[il+1]1+Ff=1;
‘EndFor end:
Jjejx2 o ded:? end;
:EndFor nl:=nl div 2; il:=1i1=2;

ends;

APL takes much less space (lines) to develop the same computation.
APL code looks:
e compact;
e closer to mathematical model;
e easier to understand, analyze and, as a result, improve.
Note. Using complex arithmetic from Dyalog APL/W v.12 the APL code would look
much simpler.



MULTI-DIGIT MULTIPLICATION (EXAMPLE 1 OF OPTIMISATION).
STANDARD AND DIAGONAL METHODS

Consider computation:

2N-1

N-1 _
where Uy, V., R, — N- and 2N-digit positive integers: Uy =(UyalUyp-Uo) =D u; 2"
i=0

2N-1

N-1 ) ]
Vi = (Vo Vo) = D Vi2” | Roy = (Gnahonafo) = D 12" | » — number of bits in one word (=16,
i=0 i=0

24, 32 or 64 bits), 0<u;,v;,r, <2”, The complexity is N? one-word multiplications.

— —>
% Y Vl ! UsVo N NUsVs \US‘\E\%VS
UsVg UsVg U1Vp UgVo \ \ N)
UsVy UpVy UV UpVi U2V< UyVy \U{\U&/
Ugvy  UzVa UiV UgVz AARNCAANAANAA
—— D i —
usv uv UgV
UsvVz UpVz UiV  UgVs TARTARAR

/ Ie Is M4 I3 I I Io

v

Diagonal scheme of multiplication of two 4-digit

Standard method of multiplication of two 4-digit
P J numbers (2N? + 2N memory reads needed)

numbers (4N? +3N memory reads needed)

Each diagonal is calculated on registers that reduces the number of memory reads. It gives
possibility to reduce performance twice and this kind of optimization is not considered.



MULTI-DIGIT MULTIPLICATION (EXAMPLE 2 OF OPTIMISATION)

KARATSUBA-OFMAN METHOD
It gives possibility to reduce complexity.
Let's consider U,, and V,, — positive integers, each of them is allocated in 2N w-bit

words. The numbers U,, and V,, could be shown as:
U, = H(UzN)‘ZwN "‘I—(UzN), Von = H(VzN)‘Za)N +L(\/2N)1
where operators HU,,), H(V,,) and LU,,), L(V,y) gives high and low parts of U, , V,,,
respectively.
If abbreviations X =2, HU=HU,,), HV=H(,,), LU=LU,,), LV=L(,,) are used,
than multiplication U, -V,, could be shown as:
U,y -Van =(H(U2N)‘ZWN +|—(U2N))‘(H(V2N)'2a)N +|—(V2N))=(HU‘X +LU)-(HV-X +LV)=
=HU-HV-X?+(HU-HV +LU-LV —(HU —LU)-(HV - LV))- X + LU - LV
or
U,y Vo = (H(UzN)‘ZwN + LUy ))-(H (VzN)'ZwN +LVyy)) =
=HU-HV-X?+(HU+LU)-(HV+LV)-HU-HV-LU-LV)- X +LU-LV ,
There are three N -word operations of multiplications (HU-HV and LU-LV are repeated
twice) instead of four N -word operations using standard method. 25% of multiplications are

reduced using one level of splitting 2N -word number into two N -word numbers. Using
splitting on more levels reduces complexity more.

If N=2" than it is needed 3" one-word simple multiplications but that's required more

n-1/9 n
4NZ(;(§] additions (and subtractions). This method has a limit of using due to additional

operations needed for recursive calls.



EXAMPLE OF MULTIPLICATION 4-DIGIT NUMBERS BASED ON
KARATSUBA-OFMAN METHOD

Usn Vo =(H(U2N)'2wN +L(U2N))'(H(\/2N)'2a)N +|—(V2N))=(HU'X+I—U)'(HV'X+|—V):
=HU-HV-X2+(HU-HV +LU-LV —(HU = LU)-(HV —=LV))- X + LU - LV

X =22 U=V =(1111) 11

HU=HV =LU =LV =(L1) 1
1

1

N |~ -

0 1 1

Standard method of multiplication of

! ! ! ! numbers HU-HV =LU - LV
1 1 1 1
1 1 1 1 0 1 2 1
1 1 1 1 0 1 2 1
1 1 1 1 0 1 2 1
1 1 1 1 0 1 2 1
0 1 2 3 4 3 2 1 0 1 2 3 4 3 2 1

Standard method of multiplication of Total sum of subtotals

two 4-digit numbers

The results are the same using different methods: standard and Karatsuba-Ofman.

Using Karatsuba method it is enough to compute only once 2-digit numbers instead of
4-digit numbers due to structure of numbers (1,1,1,1). Karatsuba method works in the rest
cases.



MULTI-DIGIT CYCLIC CONVOLUTION
Operation of cyclic convolution length N of two sequences X, n Y:

N-1
Ry =Xy ®Yy, Ry=(rg, ), zzxpy<p+k>N , kK=0,N-1,
p=0

Cyclic convolution length N =4 could be shown as:

_ro_ _Xo X X% X3— _YO— o =Xo Yot X "Y1 +X- Yo+ X530 Y3 A

Xl Yr Yo Y Yo Y| X X X3 X

I _ X3 X X X ' Y1 N=Xo Y1 tX Yo 7 X Ys + %3+, X, (Yo Yo Yo Vi Yol X, X Xg X
p X2 X3 X X || Yo | R=Xo Yo+ X Ya+ X Yo+ XYy X (Vs Yo Vi Yo ! Vil Xs X, X X, '

] X X X3 Xo | [Ya] B=Xo-Ya+X - -Yot+X, Y +X3-Y, r, r r, I r, r, r,

where 16 one-word multiplications are needed using standard approach.
There are two approaches to get Ry. The approach on the right is more convenient to
describe and make an experiment to find simpler view:

ol ) R, W AT, A (W X,) O V),
2 = (k= 4, =) (Yo=Y, + Y2 —%e) DA O O O O O
aS:(xO—xl—x2+x3)-(yo Y2+y3) %o Yo 1 1 1 1 0
rO:]/4(a0+a1+a2+a3), X, | 2Ly, e ] ow, e b1 _1, T, < -1
r1=]/4(a0+a1—a2—a3)—t, X2 Y2 1 - 1 - 0
r2:]/4(ao_al+az_a3)v % Y5 | e Bay
=1/4(a, —a, —a, +a,)+t. It looks like APL style due of using vectors and arrays.

It will be shown that APL gives possibility to analyze, develop and improve more
complicated algorithms.



MULTIPLICATION ALGORITHM BASED ON
MULTI-DIGIT CYCLIC CONVOLUTION
Multiplication of two multi-digit values U, =(u,,u;,u,,u;), V, =(v,,V;,V,,V;) length of 4 based on
cyclic convolution R; =(u,,u,,U,,u;,0,0,0,0)®(0,0,0,0,v;,v,,v;,v,) could be shown like:

u, | 0 0 0 0 vy v, v, Vv, U, | 0 0 0 0 vy v, Vv, V,
u |10 0 0 vy, v, v, v, O u |0 0 0 vy, v, vy v, O
u, | 0 0 v, v, v, v, 0 O u, | 0 0 v, v, vy v, 0 O
u, | 0 v; v, vy v 0 0 O U |0 vy v, v, v, 0 O O
Ofv, v, v, v, 0 O 0 O o0 0 0 0 0 O O O
Ofv, v, v, 0 0 O 0 v, 00 0 0 0 0 O 0 O
Ofv, v, 0 0O O O v, v, o0 0 0 0 0 O O O
Ojv, 0 0 O O v, v, v 00 0 0 0 O O 0 O
r, rpb r, r, r, . I T , L f, I, r r, I,
Multiplication of two 4-digit values Multiplication of two 4-digit values
based on convolution Based on convolution with zero lines
U3 u2 ul uO
V3 V2 Vl uO
U, Vo W, VY, UgVy UV, UgV, UV,
U, Vo V, VY, UV, UV, UV, UV,
u, Vo v, VY, UV, UV, WV, UV,
U, Vo v, VY, UV UV, UV, ULV,
, L r, L r I, I, I r, T I r, I, r, I, I,
Multiplication of two 4-digit values Multiplication of based on standard

based on convolution without zero lines Method



COMPUTATION OF CONVOLUTION LENGTH OF N=2" BASED ON METHOD
PITASSI — DEVISA

Input and output sequences of convolution Ry = X ®Y,, N =2" are linked:
E(RN) = E(XN)® E(YN)+O(XN)®O(YN) ) O(RN): E(XN)®O(YN)+O(XN)®U(E(YN))-

_Xo_ _Xl_ _yl_ _Y3_ E(RN)=]/2(AN/2+SN/2),
X X O(Ry)=12(A,,—S +C
E(X8)= 2 O(X8)= 3 U(Y4): Y, D(Y4)= Yo ( N) ]7/ ( N/2 N/Z) N/2 -
X4 | X5 | Ys | Yi | AN/Z =(E(XN)+O(XN))®(E(YN)+O(YN )),
| X6 | Red [ Yo | RES SN/z = (E(Xy\) —O(X\)) @(E(Yy)—O(Yy)),
Cyz =0(X ) ®U(E(Yy))—E(Yy)).
yO XO X7 X6 X5 X4 XS XZ Xl yO XO X6 X X2 E X7 X5 X3 Xl
yl Xl XO X7 X6 X5 X4 X3 X2 E (Y ) y2 X2 XO XG X4 E Xl X7 X5 X3
Yo | X X Xo X X X5 Xy X " a | Xg Xy Xy Xg X3 X X X
Ya | X X X X X X X X Y | Xe Ko Xy Ko i X X5 X Xg
y4 X4 X3 X2 Xl XO X7 X6 X5 yl Xl X7 X5 X3 E XO X6 X4 X2
Vo | X X, X3 X, X X, X Xg o(Y,) Yo | X3 X X7 Xg X, Xo Xg X
Yo | X6 X X4 X3 X, X X X s | X5 X3 Xy Xg Xg X %o Xg
y7 X7 X6 X5 X4 X3 XZ Xl XO y7 r?(7 :_(5 X3 X'} E r)_(ﬁ :_(4 ):_2 Xr?
rO rl r2 r3 r4 r5 r6 r7 ° é (R ; ° : ' C3) ( R 5) !
N ; N

Standard method of computation of convolution  Parisection method of computation of convolution
length of N=8 length of N=8



ANALYSIS OF ALGORITHM BASED ON FAST HAAR TRANSFORM (XX3FHAARXY)

Utestecalot«C0 10pd

20 A 01234567 (md
L wizec! - +' @m0
22 wizec! - a1
3 wtzec! - - +''\m 2
>4 wtzec! - + '@ 3
% wtrec! - ‘a4
% wtrec! - - =
> wtzec! - - +'m A
%8 wtzes® - - + @ 7
> wtze€' - - — — 4 + 4 +' A B
>10 wtzec' - + - +'' Qa9
S wtzec' =+ — &+ @A 10
S12 wtse' - - ¢+ — — + +' @ 11
S13 wtzes' — 4 - ¢ — + — +' @ 12
vtz ¢+ 4+ o+ o+ 4+ + + +' @ 13
%0 oy 01234567
21 gtsec' = =+ — 4+ + - +" G0
X:::;:::}X+1Q 2 tsec + -+ + -+ - =" g1
y Y S3 Et;+c' + + - -''n 2
S4 Ht;+c' -+ —+ + -+ -"'fA5 3
35 utzec’ -+ ¢ -+ - - +' @ 4
56 utsec! - - +"n5g
S7 Ht?‘:‘cl 4 4 _ _ £ E\
The user should adopt :z Gtres N
trec! - +'" ' n B
for the language. S0 Etﬂ. L en g
APL could be easily adopted |- gtzes' &+ - — 4+ - - +' 0 10
< S12 utses' -+ - +' @11
for the user's needs. 513 Utzec' — 4 — 4 — 4 — +' @ 12
Ht;+c' o+ + + + + + +" @13
srdfhaarsy B D123456866739A8BCHD
+ 8 w0+ 8 w=lyl+ 8 =Zyl+ 8 =3y2+ 8 x=4y3+ 8 =Gyd+ 8 x6uS+ 5 xJub calctse='-4 -4 -+ -4-2 -2-11'
+ 8 wlut+ 8 xly?+ B w200+ 8 wdul+ B x4u2+ 8 =5yd+ B woud+ 8 x7ub calctzes’ 4 44 -4 2-211'
+ 8 x0u5+ 8 xluf+ 8 x2u7+ 8 =3yl+ 8 mdyl+ B =5y2+ 8 wbud+ 8 x7ud caletsec’  4-4 4-4 2 2-11°
+ B w0g4+ 8 =1yS+ B w=Zyd+ 8 =3dy?+ B wxdul+ B x5yl+ 8 x6y2+ 8 =743 caleotsec! -44 44 -2211"
+ 8 «0u3+ 8 xlyd+ 8 x2u5+ 8 xdub+ 8 xdy?+ B =Gy0+ 8 ubyl+s 8 w72 calctsec’ 4 4 4 4-2 -2-11'
+ 8 «0u2+ 8 xlyd+ 8 x2ud+ 8 =3uS+ B mdub+ B =Gy?+ 8 wbul+ 8 w7yl caleotsec! -+ 44 4 2-211'
+ 8 «0gl+ 8 xlu2+ 8 x2y3+ 8 x=dud+ 8 w=4uS+ B wGub+ B wEu?+ 8 w70 calotsec’ -4 4 -4 42 2-11'
+ B «0ud+ B wlyl+ B w202+ 8 «3dud+ 8 wxdud+ 5 =5u5+ 8 xAuf+ 8 x7u7 calctses’ 4-4 -4 4 -2 21 1°



FINDING APPROACH FOR WALSH TRANSFORM CALCULATION (XX3FWALSH5/6G)
Developing algorithm based on Walsh transform was possible due to using APL as

approach to analyze, check results and improve code and mathematical model.
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Sorting is needed to get data looked like

transform

That's better to use FWT (instead of Haar transform) as there are a lot of common parts
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W
g
W
WG
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W0-14
W2 =16
Hl-u5
W=7
aall
aal

ytlses
ytlses
ytlses
Hylses
Hylses
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ytlses
ytlses
ytlzes
ytlsecs'-2
ytlsecs'-2
ytlsec!
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all
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a5
am
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1
3

Wi
g
W
WG
Wl
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.

ad+an
a5+a?

0

gG-ul
uZ-ud
gi-u2
u4-utb

EAN]

calctZye=’
calctZye=’
calctZsec’
calctZsec’
calctZsec’
calctZsec’
calctZyec’
calctZyec’

|
|
1
|
|
|—-|—-|—-|—-|—-|—-|—-|—-
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o e e e
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1
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It was iterative process where on each iteration the mathematical model was improved
using APL and APL code was improved using better mathematical approach.
Reducing the number of inverse FWTs (xx3fwalsh6kmOp8).



On initial phase there were used two different fast transforms (Walsh and Hadamar)
and the link between both transforms (calcHadamar2Walsh).

mudfwalsha:flag:leniperviorgus 1ixuit
# ... Calculation with using Halsh.

kedZ
mf <5

wlek kPO

For 1 :Inm vk
“10iri]+1

EndFor

Ulewl

=l+calcHadamar =1 mf
=l+calcHadamar2Halsh =1 mf
nl«k
iweilel
For 1mf
rou0
listevnl+Z
listZewrnl
listeven+«(211ist2)/]1 it

Im oamf-2

sFor 1 o:Im aivw
slsenllrow+list: I-xllrow+slist2~1ist:]
yls+calcHalshshiftleftlullrow+l isteven: 12
row+senl

‘EndFor

ylecalcHalshitepAll ul k nl Imf

nlss?

il=e?

iuxed
tEndFor

From developer point of view that's better to have common
subfunctions instead of separate independent functions.
The developer need to deliver functions for both fast
transforms (Walsh and Hadamar).

ZEAN] o1z
calctzs«=" 1 11
calctzy«=" 1 1-1
calctzs«=" 1-1 1
calctZse=" 1-1-1
calctZs«=" 1 11
calctZs«=" 1 1-1
calctZs«=" 1-1 1
calctZse=' 1-1-1
1 1 1
1 1 -1
1 -1 1
1 -1 -1
CT = 1 1
1 1 -1
1 -1 1
1 -1 -1
1 1 1
1 -1 1
1 1 -1
1 -1 -1
H = 1 1 1°
1 -1 1
1 1 -1
1 -1 -1

o e e e e

|
o e e e T

e i 1

e
|

o e e e

N N T

BE3ABCDE

-1-1
11
11
1-1-1 1-1°
1-1
111-11
1 1]
-1 -1
1 -1
-1 1
B
1 1
-1 1
1 -1
1 1]
1 -1
-1 -1
11
B
-1
1 1
1 -1




COMPUTATIONAL SCHEME OF CONVOLUTION LENGTH OF 8

Xo
X1
X2
X3
X4
X5
X6
X7

. _ W FwT g W .
> > > So |« < < < <
> > > S1 |« -- -2 -= <
> T > 52 |« et 1< e eI RS e L
— N\ \ > 53 |e / _P_{_ N > | N R W /1
— |FwT g 5 L L L — — —le ,//,/ —
[ =% \ Ss N _><_< N Ny ,}/,’ 1|
5 \ S _D ~D < L 4
-3 © 5 < S = S VA
- \\\\ 2 Sg -~ -2 o _ o 4 -
\\\\ So . -
\\ S10 | L [€
\ S11 - ]
\\ Saddo L L
R sadd; -~ I
sadd,
FWT
So > > > ro
S1 > > > r
S, > > > ry
Sz > > 1 > rs
S4 > FWT > 8 > rs
S5 > > > rs
Sg > > > re
S7 > > > ry
Sg >
5 ZIFWT
S10 >
S11 >
saddg >
sadd; > FWT
sadd,

There are a lot of FWTs different lengths across scheme.




APL IS A TOOL TO FIND APROACH

The approach is proved afterwards using mathematical formulas (xx3fwalsh6).

statusm+1l SP1Cks42k 1 k
ivstatusel

*Hhile lgiwstatus
flag+n
If <rstatusmlixstatus:l 2]
flag+l
tElself =vstatusmlixstatus:l 21
(If iwstatus=l
flag+l
‘Else
(If =rstatusmlisstatus-1:1 21
PAndIf #rstatusmlizstatus:l 3]
flag+l
(EndIf
(EndIf
(EndIf

(If flag
statusvsstatusml=pFstatusm:]
ktmpestatusuwl 3]
statusmyelCstatuswl1]dCktmpe2dC+statusmlizstatu
ixstatus++1
If iwstatus=2
AndIf =sstatusmlls 1 2]
statusmlinstatus:? 3]+<2
tEndIf
statusmlixstatus:Slestatusmlixstatus:al
tEndIf

If restatusmlisstatus:l 21
rowdist+statusmlixstatus-1:41]
rowsroestatusml ixstatusi4]
steps kitmpestatusmlixstatuos:1l 31

For 1 tIn aktmprsteps
roddist+esteps
For count :Inm vsteps
#=ullrowdist: J+exullrousro:]
rowdist++1
roWsrocesl
‘EndFor
‘EndFor

If iwstatus=Z2
AndIf d=srstatusmll 25317
rodsrc—+ktmp
For 1 tIn aktmprsteps
roddist+esteps
For count :Inm vsteps
#=ullrowdist: J-exullrowsrc:]

roddist+«l
rodsroceel
‘EndFaor
‘EndFaor
tEndIf

statusmlirstatus-1:1]=<2
statusmlixstatus-1:5)++statusmlizstatusisl
statusmestatusmlr ixstatus-1:1
ixstatus-+1
(If imstatus=1
Andlf :estatusmlicstatos:l 2]
imstatus—+1
tEndIf
tEndIf
Endlhile

proreal =glCuk 0

The number of FWTs different length defines complexity of the scheme.



The old one:

So
S1
S2
S3
Sq
S5
Se
S7
Sg
Sg
S10
S11

saddy
sadd;
sadd,

FWT

@ [

YYYVYVYVYVYY
YYVYVYVYVYVYY

YVYVYVYVYVYVYVYVYYYYYYY

The new one;

So

S1

S2

S3

Sy

S5

S6

S7

Sg

Sy

S10
S11
saddg
sadd;
sadd,

2

Y

Y VY

YVYY

N =

Y

Y

Y

YVYVYVYVYY

Yy Y Y Y Y YYYVYYVYY

N

YVVYVYVYY

1/2

FWT

@ [

YYVYVYVYYVYY

with bit-shift operations.

IMPROVEMENT IN COMPUTATIONAL SCHEME

A Prepare convolution computition of length &,...
ktmped
For 1 :Inm 4vn-2
colsrocecolwlil
colsrocnumberscol sroce?
colsrocvscolsroc+ivcol srocnumber
ktmpocount+colsrocnumber+ktmp
dizstues, slktmpocountrerktmpd+ Cktmpx2 =™ (" T+ ktmpoe
ruldistul+erulcolsrowls?
ruldistusktmpl-+rvlcolsrocuwls?

ktmp=eZ
EndFaor
A Computition conwolution length of K
Fultkles? A Because of Point CAD

FultklelcalcFHT rulvk]1d+k

There are more coefficients like (2, 1/2, 1/8, etc) but there is only one FWT.
Coefficients (2, 1/2, 1/8, etc) don't add more multiplications as they could be replaced



FINAL COMPUTATIONAL SCHEME OF CONVOLUTION LENGTH OF 8

— I W T s w _
of - > ] > < | Je [ ] [« | |e [ e [ yo
X > > > S1 |e -- -2 -2 <
o I G s Y <t R A AL
X2_ > \\ 7| \ 7 2 < / ] | ] _‘ _‘ /7/_y2
X3 > > N > S3  |€ -2 -2 < -= <€ 7 Y3
X[ | TWT _ S4 ~ — N N [ e ,'/,/ " ys
[ —| P S ] — Ik <A
o I 5 = <<V N e H
Xj_ > W S7 € :I>< I | e S M/ /_gj
L AN S < > L | || L | /L
AYAY ~ L]
\\\\ 39 — _
\\ S10 _( _(
\ S11 - -
\\ Saddo _>< L
R sadd; -~ -~
sadd, FWT
So > > > > o
S1 > 2 = > 1 > > r
SZ > I’ > ” > > r
~ 2
Ss > T sl 1 1>
s S g It 5 |ewt 3 [
) > '/ s /I ~ 4
N (O R /2, s
N ) II I/ ¢ /”//'ﬂ > ; :6
S N l’/llf N FI /,,ﬂ 7
° > 1/ >
- ) 2 L7 e
S10 d //7 ’ e ’
S11 > T+ >
saddg —)’,/’ )
sadd; ,’
sadd,

Resulted scheme is applicable for parallel computational model as there are a lot of
the same blocks. APL is useful tool to get parallel computational model as a result.



ANALYSIS OF FFT ALGORITHM

Algorithm (using Pascal) looks overcomplicated taking into account there are complex
numbers. Some part of the code commented as there was attempt to improve algorithm
making changes in the code. It takes time.

fz == ylilre—-yliZre; ilre—=liZre:;
fegl:= ylilim+yliZim; ilim+z1iZim;

writelnt'Move to bhigger length'>»;:{>
ytre = Upe*[D]1-Ure™[11;

ztre 1= FZre®[01-Zre™[11; i:=n=2;
Upre®[i 1 := ytrex=tre;

Wre*[i+1l] == O;

ylilre plilret+yliZre; i zlilret+zlilre;
ylilim 1ilim—yliZim; il i glilim—=z1iZim;

ft*cosu+ftl=s
ft*sinu—ftl*cg

y2ilre #cosut+fsl*®sinu; g2ilre =
EZiiim #zinu-—fsl®cosu; 22ilim =

[il*
ytpe:= re—yZilim; gtre:
im—y2ilre:; 2tim:

Wre
Wre®[0]+YWre”[1
Zre”[D]1+Zre™[1
== yhrexztres

glilre—=2ilim;
2lilim—=2ilre;

15
| H

Wre™[il ytrex*ztre—ytim*=ztim;

Wre*[il+l]l:=—ytim=*ztre—ytrex=ztim;
Ure*[n—i13

gtre:= plilre+y2ilims; tre:

ptim:=—ylilim—yZilre; tim:

Wre*[il; ytim == Wre®[i+l

Zre®[il; =ztim == Zre™[i+l
Hrei[i 1:== ytge*ztre—ytim*ztim;
Hre“[i+ll:= ytim*=tret+ytrex*ztim;

prnwiee ;L3>

ilre+z2ilim;

1; z1
1; —zlilim—=z2ilre;

Upre™[i2
Wre®[iZ2+1
end;

prowilre ;{3

ytrex*ztre—ytim*=ztim;

1:==
l:=—ytim*ztre—ytre*=tim;

for i==1 to n2-1 do begin
t==1=tl[il;
if £t mod 2 = 0 then begin cosv:i=crelt lisinuvi=—crelt+1i];
else begin sinvi=crelt—1l;cosvi= crelt 1;
11:-=i=2; i2:={n—1i»=2;
writeln?'Move to lower length’ ;{3
il:=n*2; i2:=n2=*2;
fz = Wre™[D1s2; Ffzl == Wre™[ill-2;
Ure™[D 1 = Fs+f=sl; UWpe™[1 1:=Fs—F=1;
{Wre*[i2] := Wre*[i21; Wim™I[n21:=Wim*[n21;3

writelnfcosvilb:h, sinvilb:=h);
cosvi=cos(2=*PI=i k);zsinvi=sin(2=PI=i k>;
writelnfcosvilb:h, sinvilb:=h);
writeln<iz2 (2=*PI=*i-k>:16:5,.1st[ilz=3>;%

Wre*[ill-2; ylilim == Wre™[il+11-2;
Ure®[i21-2; yli2im == Wre™[i2+11-2;
Zre®[ill-2; =zlilim == Zre™[il+11-2;
Zre®[i21-2; =1i2im == Zre™[i2+11-2;

ylilre
vliZre
zglilre
zliZre

for it=1 to n2-1 do begin
t:=1=tl[il;
if £t mod 2 = @ then begin cosv:i=crelt Ili;szinvi=—crelt+i]

It was worth to spent time on rewriting Pascal code and improving algorithm analyzing
APL code. The complicated algorithm looks simpler using APL code.



There are two functions similar functions FFTUnpackF2 and FFTPackF2

Fu«FFTHainF2:MsuslusCusBurkoiYo: 2o
el
Huslueppl

Cw Bus«FFTPreCalcFZ2 K

“o Yo«FFTImitFZ2 Ly Uu M
Ac+FFTTransformF2 “c Cu Buw M
Yo«FFTTransformf2 Yo Cuo Bu R
Ho+FFTBinarul nuversef2 Hoc Bu M
Yo+FFTBinarul nuversef2 Yo Bu M
AoeFFTUnpackFs #c Cuw Buw M
Yo+«FFTUnpackFs Yo Cw Buw M
Jo+FFTHUlLLiFZ Ho Yo M
Jo«FFTPackFZ2 2o Cu Bu M
Jo«FFTComplexF?2 Zc
Je«FFTTransformf2 Zc Co Bu M
Jo+FFTBinarulnuversef2 Jc By M
JoeFFTComplexF2 “Zc |
Fu«FFTSaveRess Zc
AceFFTUnpackF? argiCusBuibifisirikiHidr s dlr s B CiAs S
A Transfrom from M to 2N

Ho Cw By MNearg

f+«1 A first element index

Aedc complGet O
Aoedc compliet OCCCRe HJ2+CIm X22,00
Aoedc compliet MOCCCRe XJ2-CIm H22,00

For o tIn A CM+22-1
keBulf+r]
HeCw GetH k

. EeZsN oo rade-(2xPl=rlzk

. cosyscos rad ¢ sinvesin rad
Ao... Hecosuw,sinu

Aredc complGet r

AMreRc complGet (-1

AMrCecomplComples =i

(X I
f

AeCAr+shlrcls?
SelCAr—ANrCI+ 2 compl Mol €0, =12 folsi=-i
Sel complHul =

Aocedc compliet rCA+SD
Aocedc complsetCh-rlCcomplComplex A-52D
‘EndFor

FueFFTHainFZ20pt:us s Koo CusBus 2o
M+l
[Jusllueppl

Cy Bus«FFTPreCalcFZ2 K

Ao Yo«FFTImitFZ2 Uw Uw
Ac+FFTTransformF2 “c Cu Buw M
YoeFFTTransformf2 Yo Co Bu M
Ho+FFTBimarulnuersef2 Hc Buw
Yo+«FFTBinmarulnuersefF2 Yo Buw
AceFFTUnpackPackF2 #c Cu Buw
Yo+«FFTUnpackPackF2 Yo Cuw Buw
Jo+FFTHUlLLiFZ o Yo M
JoeFFTComplexF?2 2o N
JoeFFTUnpackPackF?2 Zoc Cu Bu M1

JeeFFTTransformf2 Zc Co Bu M

JoeFFTBinarulnuersef2 Jc Buw M

JoeFFTComplexF2 Zc |

Fus«FFTSaveRess? “c K

coeFFTPackF2 arg:ZociCusBuiMif:d0relZMreires imiri ki 2r s 2Nr i 2NrC A S
o Cuw By Mearg

f«l A first element index

= ===
Lo ]

J0reslc complGet O

AMre+dc complGet M

re«[CRe Z0rel+CRe ZMrells?
imeCCRe Z0rel-CRe ZMrells?
Jocec complset OCre, imd

For r oiIn A CRE22-1

keBulf+r] AL, EeZseW o prade-C2=Plarlsl
HeZw GetH k A ... cosvscos rad ¢ sinwvssin rad
A o... Hecosu,sing

Jredc complGet r
Mredc complGetCh-r)
MrCecomplComplex ZHr

AeClr+ZMrCe2
SeC(Zr=2HrC)+2 JcomplHul CO,-10 A olsi=-i
SelcomplComplex HlcomplMul =

Joelo compliet rCA-2)
Joede complset(h-rlCcompl Complex A+50
EndFor




Changing order of FFTPackF2 and FFTComplexF2 gives possibility to use common function for
both FFTUnpackF2 and FFTPackF2

AoeFFTUnpackPackF2 argidciColBusMrdimodes: frdlrel dilresrer imir ki dr s dhe s M CoAL =
f Transfrom from M o<-: 2M

“oo Cw Bu M mode+arg

f+«l A first element indewx

If mode=0

“edc complGet O

doedc compliet OCCCRe X2+CIm X22,00

“oedc compliet MOCCCRe X2-CIm X22,00
‘El=e

“lresdc complGet O

“Mresdc complGet B

re«((Re X0rel+(Re HHrells?

im=([Re X0rel-CRe XMrell+2

“oedc compliet OCcomplComlexCre, iml)
tEndIf

pRc+Xdc complsetCNe2)CcomplComlexCdc complGetiM+2200

tFor r tInm 2 CH+Z22-1

keBuLf+r] B, BeZ=M o rade-(2=Pl=rl+k
HeZu GetH k Bo... cosvecos rad ¢ sinvesin rad
AL, Hecosw,sinw

“resc complGet r
“Mredc complGet -2
AMrCecompl Complex “Hr

AeCAr+sMNrCI+2
SelCHr—AMNrCI+2 JoomplHOl CO, =13 golei=-1
Seb complHul =

“oedc compliet rCA+ED
soedc compliet CM-r)Ccompl Complexr A-52
‘EndFor



APL DESCRIBES PARALLEL MODELS

ALGORITHM. Computation of multi-digit convolution
length of N =2" based on FWT and parallel model.
Input: Xy, Yy —sequences length of N =2", n>3.
Output: Ry <= X ®Y —convolution of X, Yy.
Step 0. Initialization.

X (_((XNZZn)o) — Xy Y <~ ((Y
Step 1. FWT of initial section

((XN)O) . ((XN)O) <_WN '((XN)O) .

Step 2. DWT of the rest sections of X as linear
combinations of sections of X .
X < (X,Vy2), Yup < L((Xy);)—H({(Xu);),
j=0,T-1, M=2"" T=3 i=0,n-3,

Step 3. DWT of the vector Y (except two last iterations).
Step 3a. For | from 0 to n—3

Step 3b. Y <_(YaVM/2), VM/Z <U(E(Zy))-E(Zy),
B(L((Yw);))

Step 3c. ((YM)1)<_|:B(H((YM)))i|l ((Ym) ;) < BW(Zy)),

Step 3d. Zy < ((Yy);),j=0T-1 M =2""T=3"

Step 3e. End For i .
Step 4. Last two iteration of FWT.

((Ys);) «<W(BW((Y,);)), j=0,3""-1.....

)o) <Yy

N=2"

AxdfwalshouSgikinssvigwiktmps jicolwisinkicolilenuslistys =add

A ... Hultiplication wia Halsh Cthere are only wectors).
A ... Operators E,0,U,L,H,B,H are used.
k nela 4 A k=1a, n=4

A Input wvectors Csequence)
U CCREZ2DIP10, COREZ2IP0D A wy
e CCREZ2DP00, CCREZ2IP1LD A gy

11111111
ogoooooonn

OO0 0o000n
11111111
suscal cFHT ww Fxy=B 80000000000 D00O0D0

# Hain loop

ktmp j colusk 1 @

:For =ink :In O,vn-3
col«0
lenys2pyu
coly,«leny

e+

Get lingth of uw

For sink Inm v B Cor 132 means C1..3)
listuecol+aktmp A vktmp Cor 2162 means C1..1620
su,eloplwlCawllisteld)-TopHuCww [l istwd 2D
yuseCopluCopEulyull istu ]2 )-CopEwCuw [l istw] )

A Execute one step in Halsh transform
yullizstuleopBy opHy uullistu]

yuloply listwl«opBy oply uullistul
yulopHy listwl«opBy opHy uullistul

col+«ktmp f colscol+ktmp
‘EndFor
ktmp+eZ A ktmpektmps?
jx+3 1] J+Jx3

EndFor

f Finish Halsh transformation for gw
uueopHu=, sopBu™ (4 splitu opHy uul

It is very important to have a balance between number of steps (iterations) and number of basic
operations on each step to build fast algorithm using parallel model.
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